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SINGULAR MODULI OF HIGHER LEVEL AND SPECIAL CYCLES 


STEPHAN EHLEN 


Abstract. We describe the complex multiplication (CM) values of modular functions for 
ro{N) whose divisor is given by a linear combination of Heegner divisors in terms of special 
cycles on the stack of CM elliptic curves. In particular, our results apply to Borcherds 
products of weight 0 for To{N). By working out explicit formulas for the special cycles, we 
obtain the prime ideal factorizations of such CM values. 


1. Introduction 

Let d < 0 be a negative fundamental discriminant and denote by Qd the set of (positive and 
negative definite) integral binary quadratic forms of discriminant d. For every Q G Qd given 
by Q{x, y) = ax^ + bxy + the unique root of Q{t, 1) = 0 in H, the complex upper half¬ 
plane, is denoted oq. These points are called CM points because the associated elliptic curve 
has complex multiplication (CM). That is, its endomorphism ring is an order in an imaginary 
quadratic field (in our case the ring of integers). The values of j(r) of the j-invariant at CM 
points are classically called singular moduli [WebGl; Zag02]. For Q G Qd, the value j{aQ) is 
an algebraic integer which generates the Hilbert class field H of kd = Q{^/d). 

In their seminal article. Gross and Zagier [GZ85] consider the modular function of level one 

'^iz,d)= Uiz) - 

QeSL2(Z)\Sd 

for z G El, and where Wd is the number of roots of unity in kd- They proved that for a negative 
fundamental discriminant D coprime to d, we have 

(1.1) n ^(aQ,d)2/--=± n 

QsSL 2(Z)\Q£) xgZ, n,n'>0 

Ann'=dD—x^ 

where e{n') = ±1 is given explicitly in [GZ85]. 

Gross and Zagier give an analytic and an algebraic proof of (1.1). The latter is given for 
prime discriminants only, but does in fact provide the prime ideal valuations of the values 
^{aQ,d). Dorman [Dor88] generalized this result to fundamental discriminants. Moreover, 
the contributions at the finite places to the height pairing studied in [GKZ87] essentially 
provide a generalization to higher level. 

In this paper, we refine results of Bruinier and Yang [BY09] to relate the prime factorization 
of special values of certain modular functions to special cycles on the stack of GM elliptic 
curves. This has been used in [EhllS; EhllSb] to relate the coefficients of harmonic weak 
Maafi forms of weight one to these special cycles and to study the modularity of related 
arithmetic generating series. We use these results to determine the prime ideal factorization 
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of such modular functions explicitly. In Section 7 we show that we can apply our results to 
Borcherds products of weight zero. 

We now define the higher level singular moduli we are considering. Let d be a negative 
integer congruent to a square modulo A:N and let Qd,N,r be the set of integral binary quadratic 
forms [a, b, c] = ax^ + hxy + cy^ of discriminant d = — 4ac such that a is congruent to 0 
modulo N and b is congruent to r modulo 2N. For each form Q = [a, b, c] £ Qd,N,r there 

is an associated CM point aq = in H- The group ro(A^) acts on Qd,N,r with finitely 

many orbits. We dehne the Heegner divisor Z{d,r) to be the ro(A^)-invariant divisor (with 
rational coefficients) 

Z(d,r)= 


where wq is the order of the stabilizer of Q in ro(A^). We also denote the image of Z{d, r) in 
Yq{N) = ro(A^)\IHI and its compactification Xq{N) in the same way. 

Now fix a square-free negative fundamental discriminant D and let H be the Hilbert class 
field of the imaginary quadratic field /c = of discriminant D. We will write O <Z k for 
the ring of integers in k and N(-) = Nfc/Q(-) for the norm of k/Q_. The ring of integers in H 
is denoted Oh- We hx an embedding of H into C and for p G Z with = D mod AN the 
integral ideal 


n = 



p + Vd\ 

2 J 


of norm N in k. Consider the Heegner point ZD,p contained in Z{D,p) given by 


ZD,p 


p + y/D 

2N 


£ M. 


Representatives for the remaining points in Z{D,p) can be obtained as follows. If a is an 
integral ideal of k, then an is an ideal of norm divisible by N. If we let a, [3 be generators of 
an, such that a = N(a)iV, then the point (3/a lies in El and as the class [a] runs through the 
ideal class group of k, these points run through half of a system of representatives of Z{D, p). 
The other half is obtained by also considering —^ for each of these points. 

We will now give a simpler version of our main result, Theorem 6.4, for prime level. Let 
N = phe a. prime and consider a meromorphic modular function / on Yq{p). We assume in 
the introduction that / is invariant under the Fricke involution 2 ; i—>■ —l/pz and has a divisor 
on El of the form 

div(/) = E E c(d, r)Z{d, r). 

r mod 2p d£ Z<o 

d = r^ mod Ap 

Moreover, we assume that div(/) and Z{D,p) have no common points and that the Fourier 
coefficients of / are coprime integers. In particular, we have that / £ Qij( t), j( pt))■ By 
the theory of complex multiplication, the value f{zD,p) is contained in the Hilbert class field 
H. The following theorem gives the multiplicity of a prime of the Hilbert class field in the 
prime ideal factorization of f{zD,p) in terms of certain special cycles Z{m,n,p) on SpecO/f 
that parametrize elliptic curves with special endomorphisms of norm mN(n) satisfying a 
congruence condition given hy p. £ (see Sections 3 and 4 for definitions). Here, 
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denotes the inverse different of k. We write Z{m,n,n) as a formal sum 

Z{m, n,n) = 

'P 

where the sum runs over all nonzero prime ideals of H and Z(m, n, //)q 3 G Q. These cycles are 
generalizations of those hrst considered by Kudla, Rapoport and Yang [KRY99] in connection 
with the coefficients of the derivative of an incoherent Eisenstein series of weight one. 


Theorem 1. We have for every prime ideal ^ of the Hilbert class field 


ordg;(/(zi5,p)) = WD Y. Y Y ^ 

r mod 2pd£ Q<o n = p-'f' mod 2p 

n^<dD 


fdD-n'^ 
y 4p|T)| 


n + ry/D \ 

2VD J 


Remark. 

(i) The set of CM values of / at points in Z{D,p) forms a single Galois orbit and the 
valuations of other points in Z{D,p) can be obtained using Shimura reciprocity and 
Proposition 2 below. 

(ii) Note that there exist modular functions whose divisor is given by a linear combination 
of Heegner divisors on Yq{N) that are not obtained as Borcherds products. This 
has been remarked by Borcherds [Bor99, Example 5.2] and follows from Theorem 
7.7 of [BY09]. We also remark that Bruinier [Brul2] proved a converse theorem for 
Borcherds products which shows that the case of modular curves is quite exceptional 
in this regard. 


To obtain formulas for the quantities in Theorem 6.4 or Theorem 1 above, we use Gross’ 
formula for the length of the local rings of Z{m,n,p) as in [KRY04], where the arithmetic 
degrees of these cycles have been computed. In the case of a prime discriminant these formulas 
are completely explicit and rather simple, as we shall see below. 

Fix a fractional ideal n C A: and let p G t)^^n/n and m G Q>o- We write [a] for the class of 
the fractional ideal a in the class group Glfc of k. We dehne a set of rational primes by 


Diff(m) = {p < oo I (—mN(a), T>)p = —1} 
and for n G Z and [b] G Glfc we let 

p{n, [b]) = #{a C O I N(a) = n, a G [b]}. 

If m is a rational number and p is a rational prime which is non-split in k, we define 

J |(ordp(m) -|- 1), if p is inert in k, 

(ordp(m |T*|)), if p is ramified in k. 

We obtain the following result (see Proposition 4.10). 


Up{m) = 


Proposition 2. Let D = —I for a prime I = 3 mod 4. 

(i) We have Z{m, n, p)(p = 0 unless |Diff(m)| = 1 and m -\- N(/i)/N(a) G Z. 

(ii) Assume that Diff(m) = {p} and that m + N(/i)/N(a) G Z. There is a unique prime 
ideal iPo I P fixed by complex conjugation, iPo = ^o- For ip = iPg, where a = (T(b) 
corresponds to the ideal class of b under the Artin map [■,H/k), we have 

Z{m, a, p)(p = Vp(m)p(m \D\ /p, [ab"^]), 

where o(m) = 1 if ordfiml) > 0 and o{m) = 0, otherwise. 
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1.2. Outline. The paper is organized as follows: In Section 2, we set up the notation and 
give basic definitions. The moduli stack of CM elliptic curves is introduced in Section 3 and in 
Section 4 we describe the special cycles and prove the explicit formulas for the multiplicities. 
The integral model for the modular curve Xq{N) will be recalled in Section 5 and in Section 6 
we prove the main result of this paper (Theorem 6.4). The applications to Borcherds products 
are discussed in Section 7 and finally, Section 8 covers some numerical examples illustrating 
our results. 


2. Preliminaries and notation 

We write Z for the integers, Q for the field of rational numbers, Zp for the ring of p-adic 
integers and Qp for the field of p-adic numbers. We also use the notation Z = where 

the product is over all primes. We write A for the adeles of Q and use the notation Af for 
the finite adeles of Q If /c is a number field, we write Ok for its ring of integers and (and 
Akj) for the adeles (and finite adeles) of k. Moreover, we write Ok for the tensor product 
Ok <S)z 

2.1. Modular forms. We briefly recall the definition of modular forms for ro(A^). We refer 
to one of the standard references for details, for instance [Kob93; Miy06; Ono04; Ste07]. 

Let A be a positive integer and consider the congruence subgroup ro(A) C SL 2 (Z) defined 
by 

ro(A) = |(^“ ^^eSL 2 (Z) I c^OmodA 

For an integer A; E Z and a matrix 7 E GL^(Q), the Petersson slash operator is defined on 
functions / : El —)> C by 

if \k 7 )(t) = (cr-bd)“^det(7)^/V(7T'), where 7 = (ji e GL^(Q). 

Definition 2.1. A meromorphic function / : H —)> C is called a meromorphic modular form 
of weight /c E Z for ro(A) C SL 2 (Z) if 

(i) if \k 7)iT) = fir) for all 7 E ro(A) 

(ii) and / is meromorphic at the cusps of ro(A). 

The conditions at the cusps can be phrased in terms of Fourier expansions. A meromorphic 
modular form / has a Fourier expansion (at the cusp 00 ) of the form 

00 

fi^) = af{n)q^, 

nf^—oo 

where q = = e(T). That is, if / is a meromorphic modular form, then there are only 

finitely many non-vanishing Fourier coefficients a/(n) with n < 0. The conditions at the other 
cusps are similar. By a modular function for ro(A), we mean a meromorphic modular form 
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of weight 0 for ro(A^). It is well known [Shi94] that the field of modular functions for ro(A^) 
is generated by j{T) and jN{T) = 

2.2. Elliptic curves. We recall the definition of an elliptic curve over an arbitrary base 
scheme. We refer to Chapter 2 of the book by Katz and Mazur [KM85] and the two books 
by Silverman [Sil09; Sil94] for details. 

Definition 2.2. Let S' be a scheme. A proper smooth curve E ^ S with geometrically 
connected hbers of genus one together with a section 0 : 5 —>• E, is called an elliptic curve. 

It is an important fact that an elliptic curve admits a unique structure as a group scheme 
[KM85, Theorem 2.1.2]. It is well known (see [Sil09, Corollary 9.4] and [Deu41]) that the 
endomorphism ring of an elliptic curve over a held is either Z, an order in an imaginary 
quadratic held or an order in a quaternion algebra. 

We will use the notation 



to denote the quaternion algebra F©FQ;©F/3©Fa/3 with = a and I3‘^ = b and a/H = —I3a. 
We say that the quaternion algebra B is split over E if B is isomorphic to M 2 {F). Here, M 2 {F) 
is the algebra of 2 x 2-matrices over F. 

For a quaternion algebra B over Q, we say that B is split at a prime p (or oo), if B©qQp is 
split over Qp. Otherwise, we say that B is ramified at p (or oo). We use the same convention 
over other helds. 

Let E/k be an elliptic curve over a held k. If the endomorphism ring Endfc(E) contains an 
order O C A: of an imaginary quadratic held k, then we say that E has complex multiplication 
by O (or just that E has CM). 

A CM elliptic curve over a scheme S' is a pair {E, l) consisting of an elliptic curve E/S and 
an action l : O ^ End 5 (E) of an order O in an imaginary quadratic held on End 5 (E'). 

If End 5 (E) = O C B is an order in a quaternion algebra, then we say that E is supersin¬ 
gular. Supersingular elliptic curves only occur in positive characteristic (cf. VL, Theorem 6.1 
of [Sil09]). 

2.3. The Hilbert class field. We recall only very briehy some facts from class held theory 
that we need later, in particular the Artin map. We refer to [Sil94, Chapter II] or [Shi94] for 
details. Let /c be a totally imaginary held and let L be a hnite abelian extension of k. Write 
Ol for the ring of integers in L. Let p be a prime ideal of k that does not ramify in L. There 
is a unique element ap G Gal(L//c), such that 

crp(x) = mod ip 

for all X G Ol and any prime ideal fp ] p. If c is an integral ideal of k which is divisible by all 
primes that ramify in L/k and /(c) is the group of fractional ideals that are relatively prime 
to c, then the Artin map is dehned as 

{■,L/k) : /(c) ^ Gal(L/A:), 
by extending the map ap linearly. 

We let k be an imaginary quadratic held and H be the Hilbert class held of k. This is the 
maximal unramihed abelian extension of /c. It corresponds to the ray class held for c = 1. By 
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class field theory, we obtain in this case [Sil94, II, Example 3.3] an isomorphism via the Artin 
map 

{■,H/k) : Clk ^ Gal{H/k). 

We will use the convention that we write cr(a) = cr([a]) for ([a], H/k), the image of the (class 
of the) fractional ideal a under this map. 

3. Moduli of CM elliptic curves 

In this section we recall some facts about the moduli stack of CM elliptic curves and special 
0-cycles on it. These cycles will play an important role in the description of the values of 
modular functions on Yo{N). 

Let S' be a scheme. By a scheme over S or an S-scheme, we mean a scheme X together 
with a morphism vr : A —)• S. We denote by (Sch/S) the category of schemes over S. 
The morphisms in this category are morphisms of S-schemes, that is, morphisms that are 
compatible with the given morphisms to S. Here and throughout, if A is a stack over a base 
scheme S and T is an S-scheme, we abbreviate 

X jrp = X X g T. 

If T = Speci? with R a ring, we simply write A/^ for A/spgci?. 

Here and for the rest of this section, let D be a negative fundamental discriminant and 
denote hy k = k^ the imaginary quadratic field of discriminant D < 0. We write Od for the 
ring of integers of k and let H = Hu he the Hilbert class field of k. 

We consider the moduli problem which assigns to a base scheme S over Ou the category 
C'^(S) of pairs (E,t), where 

(i) E is an elliptic curve over S with complex multiplication l : Ou ^ End(E), 

(ii) such that the induced map 

(3.1) Lie(i) : Ou —t Endos(LieE) = Og, 

coincides with the structure map S —)• Spec(C)£)). 

The morphisms in this category are isomorphisms respecting the actions. 

Moreover, we denote hy Cu = cResQ^/z{C^) the restriction of coefficients of to Z (in 
the sense of Grothendieck). That is, the structure map of Cu is given by —>■ Spec(C)D) —t 
Spec(Z). This describes the moduli problem without the normalization (3.1). 

Proposition 3.1. The moduli problem C'l^ is represented by an algebraic stack, also denoted 
by C^, which is smooth of relative dimension 0 and proper over SpecO^). If R is a discrete 
valuation ring with algebraically closed residue field F, the reduction map 

C+{R)^C+{¥) 

is surjective. Consequently, Cu is also represented by an algebraic stack of relative dimension 
0 over SpecZ, which is finite (and thus proper). 

Proof. This is a consequence of the canonical lifting theorem [Howl3; LanOSj. Properness 
follows from the fact that all points ot Cu in characteristic 0 have potentially good reduction 
and the valuative criterion of properness. See [KRY99, Section 5] or [BHY13] for details. □ 

Lemma 3.2. The coarse moduli scheme Cj of is isomorphic to SpecO/f as a scheme 
over Od- Consequently, the coarse moduli scheme Cu of Cu is isomorphic to Spec Oh as a 
scheme overZ. 
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Proof. This is [KRY99, Corollary 5.4]. There, the authors prove the corresponding isomor¬ 
phism for whose coarse moduli scheme is SpecO^ —>■ SpecO/j. □ 


We denote by 

pr : C+ ^ C+ 

the canonical map to the coarse moduli scheme. 


Proposition 3.3. Let ^ G be a geometric point and let pr(^) = f be the corresponding 
point of C J. Then 


where O 


CU 


and O. 


cU 


^c+,i - ^c+,C 

denote the completions of the etale local rings at and respectively. 


Proof. This is Corollary 5.2 in [KRY99]. 


□ 


We now describe the geometric points of Cd in every characteristic. The following con¬ 
struction is very important for us. 

Recall that over C, we have a canonical bijection 

(3.2) C+(C)-fcx\A,"^^/aS, 

given by the theory of complex multiplication [Sil94]. Here and throughout, we write for 
the finite ideles over k. To an idele h G A^^ that corresponds to the ideal class [(/i)], the 
bijection assigns the (isomorphism class of the) elliptic curve with complex points 

E{C) = C/{h). 

Moreover, if {E,l) G C'^(C) is given by (C/A, i), then multiplication with h G A^^ on the 
right hand side of (3.2) corresponds to 

E I—>■ (h) ®Od 

where {h) ®Od ^ elliptic curve over C with complex points 

m ®Oo E)iC)^C/{h)A. 

This defines an action of the class group Clk on the set of isomorphism classes of CM elliptic 
curves (with CM hy Ojo) over C. 

Now let {E,i) G C^{S) for a scheme S and let h G corresponding to the ideal {h). 

Then we can define a functor from the category of S-schemes to the category of C)£)-modules 

by 

T ^ {h) ®Oo E{T). 

This functor is in fact represented by an elliptic curve over S and the construction is called the 
Serre construction. We denote the elliptic curve representing this functor by h.E = {h)®ODE- 
For details, the reader may consult [Howl2], [Con04, Section 7]. 

We follow the description given in [KRY99] to describe the geometric points of in 
positive characteristic. 

Proposition 3.4 (Corollary 5.5 of [KRY99]). Let p he a prime ideal of k and let a(p) denote 
an algebraic closure of the residue field k(p). We have a bijection 

C+{K(f)) = k^\K,f/OD- 

The action by the Frobenius automorphism over k(p) on the left hand side corresponds to 
the translation by an idele of the form (!,...,!,tt,!,...), where tt is a uniformizer at p. 
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The proposition establishes a simply transitive action of the class group Cl^ on the points 
C'^(F) over any algebraically closed held F. We also have a bijection on geometric points 
C'^(F) = SpecO//(F). On the points SpecO/f(F), we have an action of the Galois group 
G&\{H/k). 

Fix a morphism pr : SpecO//. Then pr induces an isomorphism 

prp : C+(F) ^ SpecOj^(F) 

on geometric points over any algebraically closed held F. For F = fe or F = k(p), the group 
Gal{H/k) acts on both sides. It acts naturally on the right hand side and the action on the 
left hand side is given via the isomorphism 

k^\klj/d^ ^ G&\{H/k), h ^ a{{h)) 

given by the Artin map a of class held theory and the action of the idele class group given 
above. 

The next proposition shows the compatibility of these bijections and group actions. 

Proposition 3.5. With the notation as above, the eoarse moduli space map pr is compatible 
with these actions. More precisely, we have 

pr:^h.{E,L) = {piCf{E,t.)y 

Proof. The compatibility over C is contained in the main theorem of complex multiplication 
[Sil94, II, Theorem 8.2]. (Note that our normalization of the action of the class group is 
different from the one used by Silverman.) Precisely, we have for an elliptic curve E = 
C/A that h.E = C/{h)A and j{h.E) = ^\E). Therefore, if we assume without loss 

of generality that pii^{E,l) = A : Oh C is the embedding given by j i—)• j{E), then 
pr:cih.{E,L)) = j j{h.E) = 

We will use this to prove the statement over k(p) for a hxed prime p of k. Fix an isomor¬ 
phism Cp = C, where Cp is the completion of an algebraic closure of kp. Then we obtain 
isomorphisms 

C+(C)-C+(Cp)-G+(;/M) 

by Proposition 3.1. All of these bijections are compatible with the Serre construction. Simi¬ 
larly, we have bijections 

SpecOiy(C) ^ SpecO//(Cp) ^ SpecO//()/M)- 

The key part is now that the diagram 

G+(C)-- G+(Cp)-- C+iW)) 

i Y '' _ 

Spec Oh{G) -^ Spec OniGp) -^ Spec (k(p)) 

is commutative and the bijection G^(C) = Spec Oh{C) is compatible with the actions, as 
stated above. The bijections in the lower row are compatible with the action of the Galois 
group. Consequently, the bijection G/j(Fp) —)■ Spec O/f (fi;(p)) is compatible with the two 
actions, as well. □ 
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4. Special endomorphisms 


For {E,i) G Cd{S) we write Oe = Ends{E) and consider the lattice L{E,i) of special 
endomorphisms 

L{E,i) = {x G Oe I i{a)x = xi{d) for all a G Od and trx = 0} 

as in Definition 5.7 of [KRY99]. It is equipped with the positive definite quadratic form 
N(x) := deg(x) = —For S = SpecC or 5 = SpecFp for a prime p that is split in k, we 
have that L{E, l) is zero. 

For a non-split prime p and S = Spec(Fp)), L{E, l) is a positive definite lattice of rank 2 in 
Oe and [E, l) is supersingular. In this case Og is a maximal order in the quaternion algebra 
Bp over Q, which is ramified exactly at p and oo. 

Fix a fractional ideal a C fc and let p, G c)^^a/a and m G Q>o- We write Q{pi) = N(^)/N(a), 
which is well defined as an element of Q/Z. 

The following moduli problem has been studied in [KRY99] and [BY09] and generalized in 
[KY13]. To a scheme S we assign the category Z{S) of triples {E,l,x), where 

(i) {E,i)€CD{S), 

(ii) X G L{E, i)c)^ ^a, such that 

N(x) = mN(a), x + /r G O^a. 

Here, we also wrote N(x) for the reduced norm in B„. If Z(S) is non-empty, then we have 
m + N(/i)/Y(o) G Z. 

Lemma 4.1 (Lemma 6.2 in [BY09]). The moduli problem Z is represented by an alge¬ 
braic stack Z{m,a,iJ.) of dimension 0 and the forgetful map ip : Z{m,a,pL) —)• Cd defined 
by {E, L, x) I—)■ {E, i) is finite and etale. 


For m G Q>o, we define a set of rational primes by 
(4.1) Diff(m) = {p < oo I (—mN(a), T>)p = —1}. 

Remark 4.2. By the product formula for the Hilbert symbol [Ser73, HI.2, Theorem 3], we 
have 

n(-mN(a),D)p = l. 

p<oo 

But since (—mN(a),D)oo = —1, the cardinality of Diff(m) is odd. Moreover, if p G Diff(m), 
then p is non-split. 

Lemma 4.3. 

(i) If |Diff(m)| > 1, then Z{m, a, p) = 0. 

(ii) //Diff(m) = {p}, then p is non-split in k and Z{m, a, fj,)(¥q) = 0 for q / p. 

Proof. If there is an element {E, t, x) G Z{m, a, p), then this shows that we have an isomor¬ 
phism of quaternion algebras 

' D, —mN(a) 


However, since Bp is ramified exactly at p and oo, this is equivalent to 


(D,-mN(a)), = <1 

This condition is equivalent to Diff(m) = {p}. 


— 1, if u = p, oo, 
1, otherwise. 


□ 
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In the notation of [Vis89, Section 3], the stack Z{m,a,fi) defines a 0-cycle a, fi)] 

on Cd since the forgetful map is proper. 

Moreover, note that the map pr : Cd —t SpecO// is also proper by Lemma 3.2. Therefore, 
we can consider the proper pushforward pr^[Z(m, a,/r)] to SpecOn- In our case 

pr^[Z(m,a,^)] = — [pr(Z(m, a, ^))] 

Wk 

because the automorphism group of a general geometric point of Cd is [KRY99]. 

By abuse of notation, we also denote by Z{m, a, fi) the corresponding divisor on the coarse 
moduli scheme and simply write 


Z{m, a, /u) = E Z(m, a, 

TcOh 

If there is no confusion possible, we simply write Z{m) or Note that the multiplicities 

above are the same for the pushforward from C^ and from Co¬ 
in what follows, we will find formulas for the multiplicities Z{m, a,/x)q 3 . From now on, fix 
a prime p that is non-split in k and assume that m = —Q[p) mod Z. Let po ^ ^ be a prime 
with po t 2pD such that if p is inert in k, we have 


{D, -ppo)v 

and if p is ramified in k, we have 

{D,-Po)v 


— 1, il V = p, oo, 
1, otherwise. 


—1, if V = p, oo, 
1, otherwise. 


With this choice, put 



if p is inert in k, 
if p is ramified in k, 


and let po be a fixed prime ideal of Od lying above po- Here, (•, •)„ denotes the u-adic Hilbert 
symbol. The existence of such a prime po follows essentially from Dirichlet’s theorem, see also 
[Ser73, HI, Theorem 4]. Note that the genus of [po] is well defined since the symbols {D, ■)y 
form a basis for the genus characters. 

We can write Bp = A: © kyo, where t/q = Kp, similar to the situation in the last section. 
Here, the decomposition is orthogonal with respect to the bilinear form corresponding to the 
reduced norm of Bp. We write [ 7 , <5] for the element 7 + 5yo £ Bp. 


Proposition 4.4. Let p he a prime that is non-split in k and let {E,l) £ Cd(Bp). Then 
L{E, l) is a projective Oo-module of rank 1 and there is a fractional ideal h <Z k, such that 

L{E,i) = bb~^pQ^yo. 

Here po £ C>e with N(po) = Moreover, if h £ j, then 

L{h.{E,i)) = {h)'(Jij~^L{E,L). 


Proof. The first statement is Proposition 5.13 in [KRY99]. The second follows from the action 
of the ideles on maximal orders in the quaternion algebra Bp, as described in detail in Section 
5 of [KRY99]. □ 
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Recall that there are two actions of on ideals of k. One is given by the multiplication 
by the ideal {h) corresponding to the idele h and the other one is given by the action of 
= T{Af), where T = GSpin^y for the quadratic space U = k with quadratic form given 
by the norm on k. For details, we refer to Section 2.2 of [Ehll5a]. To avoid confusion, we will 
denote the action of h as an element of T{Af) by h.a = {h)(h) a for any fractional ideal 
aC k. 

Proposition 4.5. Let h G ^kf write a = cr{h) for the element ofGal{H/k) under the 
Artin map. Then we have 

Z{m, a, /r)<p<T = Z{m, h~^.a, 

Proof. This follows from Propositions 3.5 and 4.4. □ 

Lemma 4.6. Let (£'o,io) £ C'd(Tp) such that [L{Eq, = [po], where [L(Eo,''o)] denotes 

the class of the rank one On-module in P\c{Od)- Then the maximal order End(£'o) ofMp 
can be described in the following way. 

If p is inert in k, let Cq = Pot'fc- If P is ramified and p C On is the prime above p, let 
Co = PoP“^c>fc- 

There exists a generator Xo ofd'jf^co/co with 

N(Ao) = —Kp mod N(co), 

such that 

End(Eo,to) = Oco.AcBp, 

where 

Oco,Ao,Bp = {[T) <^] I 7 £ ^ *^0 7 + A5 G Oij} 

is a maximal order in Bp. 

Moreover, if {E, i) = h.{Eo, lq), we have 

End(E/, i) Oii.co,h.\,Mp- 

Proof. See Lemma 3.3 and Lemma 7.1 of [KY13]. The result has also been described by 
Dorman [Dor89; Dor88]. □ 

Remark 4.7. There are 2* possible choices for generator of O^^Cq/cq, with the required norm, 
where t is the number of prime divisors of D. However, there are only 2*“^ inequivalent ones. 
Here, we consider the orders to be equivalent if they are conjugate by an element of . 
Indeed, A and —A yield such equivalent conjugate orders. 

However, not knowing the specific A that corresponds to the chosen point (£'o,ro) results 
in an ambiguity in Proposition 4.8 below, cf. [Dor88]. We will resolve this issue later on by 
taking the relative norm to the fixed field of all elements of order dividing 2 in the Galois 
group Gal(iL/A:). 

In the most general case that we consider, the multiplicities involve representation numbers 
with additional congruences that we will define now. For a fractional ideal a of A:, we let 
Ca = ao“^Co. Moreover, we let Aa = o.Aq G P^^Co/ca, where a G is an idele determining a 

and Ao is given in Lemma 4.6. Note that a is only unique up to an element of but Aa is 
a well defined element of P^^Ca/ca since acts trivially on P^^Ca/ca. 

For n G Q>o and p, G t)^^a/a, we let 

(4.2) po{n, a, fi) = if {x G cf^a = \ N{x) = n, XaX + fi G a}. 
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We need to define one more quantity to describe the multiplicities Z(m, o, 
Let p be a prime which is non-split in k and define 


(4.3) 


^ j ] 5 (o'^dp(m) -|- 1), if p is inert in k, 

^ 1 ordp(m |I?|), if p is ramified in k. 


Note that the prime ideals ip \ p oi H correspond to the irreducible components of 
SpecOH(Fp). We let iPo be the prime ideal such that prjp^ (So, to) with {Eq^lq) as in Lemma 4.6 
lies in the irreducible component corresponding to iPo. 


Proposition 4.8. Suppose that Diff(m) = {p}. 

(i) We have Z{m, a, p)fp = 0 unless m + Q{p) G Z. 

(a) For m + Qip) G "Z, we have 

, Pp(tn) N 

Z(m,a,p)<po = - po —N a ,a,/i 

Wk \Kp 

Proof. First note that our cycles correspond to those studied in [KY13] which are generaliza¬ 
tions of those in [KRY04]. The cycle Z{m, o, p) corresponds to Z{m \D\ ; A', X'p) for a 

generator A' G 

The push-forward pic^[Z{m)] is given by a formal sum 

TcOh 

We will now determine the multiplicities. Fix a rational prime p and a prime ideal ip C Oh 
over p. Moreover, fix any geometric point f = {Eq,lq) G Cd{k{^)). Using Propositon 4.1 in 
[KY13], we see that the length lg02:(m),^ of the completed local ring is given by 

(4.4) lgd^(m)_^ = r'p(m). 

Note that in the notation of [KY13], we have d = dk = dx and A = D. Moreover, ordp(m) = 
ordp(m |Z1|) for p\ D. Therefore, 

^ I G Z(m)(Fp)}. 

Thus, what is left is to count the number of endomorphisms x, such that {EQ,iQ,x) = 
{f,, x) G Z{m){K{^)). That is, we need to count the number of x G L{Eo, io)t>fc ^a, such that 

N(x) = mN(a), x + p £ Oeq'^- 

The endomorphism ring Oeq = End(£'o) is a maximal order contained in the quaternion 
algebra Bp = A: © kyo, where ?/q = Kp. By Lemma 4.6, we have 

C^Eo = ^co,Ao,B = {[T) <^] I 7 £ i’fc 7 + ■^0'^ £ Oe}. 

This implies that 

L{Eo, Lo) = Oo n kyo = Cq ^hfcyo- 

An element x G L{Eo, to)0fc is therefore of the form x = ayo for 

a G Cg ^ 0 . 

By Proposition 7.1 of [KY13], we have that 

aC’c„,A„,Bp = oOca.AcBp = C’co,Ao,Bpa = OccAo.Bpa, 
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where a G ^kf idele determining a. Note that this does not depend on the choice of 

such an a because the order is invariant under the action of O^. 

Consequently, the condition /r + ayo G is equivalent to /i G and a G Cq such 

that y, + XaOt G 0 . The norm of a is required to be N(a) = (m/Kp)N(a). This yields the 
representation number po{{m/Kp)N{a),a, fi) and ends the proof. □ 


We can avoid the ambiguity in the formulas above by taking the quotient Clk / Clk[2] by the 
subgroup Clk [2] of elements of order dividing 2. This corresponds to calculating the valuation 
at primes i G Ol, where L C H is the subfield fixed by all elements of order 2 in Gal{H/k). 
We obtain a 0 -cycle on Spec Ol via the projection SpecO^ —)• SpecO^. 

For an ideal class [c] G Clk and a positive integer n we define the representation number 

P{n, W) = |{b C Od I N(b) = n, b G [c]}| . 


Proposition 4.9. Let L C H be the fixed field of Ga\{H/k)[2], where H is the Hilbert class 
field of k. Let [c] G Clk be an ideal class and let a correspond to [c] under the Artin map. 
Moreover, let f G Ol be the prime ideal below fPo- We have for m + G Z that 

Z{m,a,p)f<T = 2°W)-^iyj^(rn)p{m\D\ /p, [c]"^[coa]), 

where Up{m) is given before Proposition f.8 and o{m) is the number of primes p \ D such that 
ordp(m |T)|) > 0. 

Proof It is enough to consider the case [c] = [Od], that is, to determine the multiplicity 
for the prime f. The general formula follows by the action of the Galois group given in 
Proposition 4.5. We need to calculate the sum 

/^Z(m, a,/x)q3 = ^ Z(m,a,/r)q35, 

'PIf TeGal(LI/L) 


where / = 2 if p is ramified in k and D is not a prime and / = 1, otherwise. (This is the 
ramihcation degree of | f.) According to Proposition 4.8 and Proposition 4.5, this is equal 
to 


/^)t5 = 


reGal(H/L) 


Wk 


E 

hec 

/l2 = l 


Po 


m. 


N(a),/i ^.a,h 


where C = k^\A^j:/0^ = Clk acts as GSpin[y(Aj) for U = k as described above. The 
elements of order less or equal to 2 in the class group Clk correspond to the prime divisors 
oi D. If = 1, then h.a = a because p/p = Od for prime divisors of t)fc. As h ranges over 
C[2], h.p runs through a set of representatives of all fi G D^^o/a with N(/3) = N(/r) mod N(a) 
modulo the action of ±1. Each of these fi is counted with multiplicity 


2 °M-i if o(m) > 1 , 
1 otherwise. 


Finally, if a G Cq with N(q;) = (m/Kp)N(a), then a = acoa ^ G Od is an integral ideal 
with 


N(a) 


m Kp\D 

Kp p 


m \D 

p 
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which lies in the class [o] = [cqo]. In this correspondence a i— )■ o, each ideal occurs with 
multiplicity 

Wk J 2 if o(m) > 1, 

2 I 1 otherwise, 

because —fi is in the set {/i./r | = 1 } if and only if o{m) = o(/r) >1. □ 

Proposition 4.10. Let D = —I for a prime I = 3 mod 4. Let m £ Q and assume that 
Diff(m) = {p} and m + Q(/u) G Z. Fix an embedding of H = k{j) into C. 

There is a unique prime ideal \p of H fixed by complex conjugation, ^ ^ and we have 

Z(m,a,/r)<p = 2°^’^'^~^Vp{m)p{m\D\ /p, [a]). 

Proof First note that the class number of hk is odd [ZagSl]. Since p is non-split in k, the 
unique prime ^ <Z Od above p splits completely in H. Therefore, the number of primes of Oh 
above p is odd and there is at least one prime fixed by complex conjugation. Let fp be such a 
prime. Let r denote complex conjugation x i-A x. Since a or = t o for all a £ Gal{H/k), 
we have 

qjo-(b-l) _ qjo-(b) 

for every b. Suppose that £l is another prime above p with £l = Q and £l = Then it is 

easy to see that ) = ip. Thus, since Gal{H/k) acts transitively on the set of primes above 
p and p is totally split in H, we have that is the identity and thus [b]^ = [Oh]- Since 

hk is odd, this implies that [b] = [Oh] and therefore ip is the only prime hxed by complex 
conjugation. 

Let W be the completion of the maximal unramified extension of (here, On.gJ is 

the completion of Oh with respect to ip). Fix an algebraic closure k(p) of the residue field 
k(P) = Oh/P- The ring VF is a complete discrete valuation ring with maximal ideal vr and 
its residue field W/tt is algebraically closed and therefore isomorphic to ^(ip) = fi;(p) (see 
Corollary 1 of Chapter II in [Ser79]). Recall the diagram in the proof of Proposition 3.5. 
We can consider a similar diagram with W in place of Cp. The bijection C'^(C) —)> Cj^(VF) 
is obtained by mapping a CM elliptic curve {E,l) £ Cj(C) to an elliptic curve {E,i) over 
W with j-invariant j{E) = j{E). Such an elliptic curve with good reduction exists by the 
theorem of Serre and Tate [ST68; GZ85] and is unique up to VF-isomorphism. That all the 
maps involved are bijections is a consequence of the canonical lifting theorem [Howl3; Lan08]. 

Now let E be an elliptic curve over VF with j-invariant j{E) = j(EQ^). Using the descrip¬ 
tion above, we see that the reduction of E maps to the homomorphism Oh —^ ^(p) such that 
the image of j{EQj^) is contained in Fp, which corresponds to 

As in Lemma 3.5 of [GZ85], we have that Endvy/7r(F') is isomorphic to where A 

is any of the two possible A £ Onf^k with N(A) = —p mod [D[. Therefore, ip = ^q, where 
a = cr(b) with [b]^ = [cq] = [po]- 

Thus, we obtain according to Proposition 4.9 that 

Z{m, a, = Z{m, o, [D[ /p, [a]). □ 

We can now also give a formula for the Arakelov degree deg Z{m, a, p). 
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Following [KYI 3], we define 


deg Z(m, a,//) = ^logp ^ 


1 


x&Z{m,a,ii){¥p) 


|AutcB(V9(x))| 


lg(x) 


1 

Wk 


Y1 

P x£Z{m,a,iJ,)(¥p) 


and the sum runs over all rational primes. Here, we define 


lg(x) = length of Oz{m,a,ki),x = length of 

This definition can also be expressed as degZ(m, a, //) = degpr^[Z(m, a, ^)], where the latter 
is the usual Arakelov degree of an arithmetic divisor on the arithmetic curve given by Spec Oh- 
We use Proposition 4.9 to calculate this degree by using that the degree map is compatible 
with pushforward. We have proved the following result, which is one of the results of [KRY99; 
KY13]. 


Corollary 4.11. Assume that m + Q{^i) G Z and Diff(m) = {p}. Then we have 
deg Z{m,a,ia) = 2°l™l"^(ordp(m) + l)p{m\D\ /p, [[coa]]) log(p), 
where p{n, [[b]]) is the number of integral ideals of Od of norm n in the genus of b. 


5. An INTEGRAL MODEL FOR THE MODULAR CURVE 

We recall some of the properties of the integral model for the modular curve Yq(N) and its 
compactihcation Xo{N). These models have been intensively studied by Deligne, Rapoport 
[DR73], Katz and Mazur [KM85]. We refer to these references and [GZ86] for details. 

The stack yo{N) {Xq{N)) over Z represents the moduli problem that assigns to any base 
scheme S the cyclic isogenies of degree N of (generalized) elliptic curves vr : K —)• K' over 
S such that kervr meets every irreducible component of each geometric fiber. On complex 
points, we have Yo(-^)(C) = Yq{N){C) and Xq{N){C) = Xq{N){C). 

Here, the condition that A = ker tt is cyclic of degree N means that locally on S there is a 
point P such that 

N 

A = Y,[aP] 

a=l 

as a Cartier divisor on E. This becomes the usual condition that A is locally isomorphic to 
'Ll NT,, when N is invertible in S. We will always assume that N is square-free. In this case 
the condition means that A is locally free of rank N. 

The cusps correspond to certain degenerated elliptic curves [DR73]. We will not give a 
precise definition of these as we will mostly work on the substack yo{N). 

Theorem 5.1 (Theorems 1.2.1 and 3.2.7 of [Con07]). Let N be square-free. Then the stack 
Xo{N) is a proper flat Deligne-Mumford stack over L. It is regular and has geometrically 
connected fibers of pure dimension one. Moreover, the stack Xq[N) is smooth over L[l/N]. 
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5.1. Integral extensions of Heegner divisors. The following moduli problem describes a 
natural extension of the divisor Z(d,r) dehned in the introduction to the stack Xq{N). We 
follow [BY09], Section 7.3. 

Definition 5.2. Let d G Z<o and r G Z such that d = r'^ mod 4:N. The integer d is a negative 
discriminant and we denote by the order of A: = Q{y/d) of discriminant d. The ideal 
n = {N, has norm N. We define Z{d,r) to be the Deligne-Mumford stack representing 

the moduli problem which assigns to a base scheme S over Z the set of pairs (tt : E ^ E', t), 
such that 

(i) TT : E ^ E' is a cyclic degree N isogeny of two elliptic curves E and E' over S', 

(ii) i : Od ^ End(7r) = {a G End(£') : vraTr”^ G End(E')} is an O^-action on vr such 
that i(n) ker TT = 0. 

There is a natural morphism 

Z(d,r) ^To(iV), 

given by the forgetful map (vr : E —)• E', t) i—?• vr : E —?■ E'. Note that Z{d, r) does not intersect 
the boundary Xo{N)\yo{N) [Con04]. We recall the following two facts from [BY09]. 

Lemma 5.3. The forgetful map Z(d,r) —)• Xq(N) is finite and etale. The stack Z{d,r) 
defines a horizontal divisor on Xq{N). 

Lemma 5.4. As divisors in the complex fiber, we have 

Z{d,r){C) = Z{d,r). 

The divisor Z{d,r) is in fact the flat closure of Z{d,r). 

We briefly mention the relation to the Heegner points as dehned by Birch [Bir75], Gross 
[Gro84] and Gross-Zagier [GZ86]. A Heegner point on Yo(A^)(C) is described by the data 
(0,n, [a]), where O C A: is an order, n C O is a proper O-ideal with quotient O/n cyclic of 
order N and [a] is the class of some invertible O-module a in Pic(O). The Heegner point 
corresponding to this data is given by the diagram 

C/a —> C/an“ ^. 

If we choose an oriented basis (a;i,a; 2 ) of a, such that an~^ = {iOi,W 2 /N), then the point in 
Xq{N){C) = ro(iV)\EI is given by the orbit of r = ojiIuj 2 [Gro84]. 

6 . CM VALUES OF MODULAR FUNCTIONS 

The starting point for our study of CM values of modular functions with zeros and poles 
supported on Heegner divisors is the following Lemma. 

Lemma 6.1 ([BY09], Lemma 7.10). Let D he a negative fundamental discriminant and 
assume that D = 1 mod 4. Let r G Z such that D = r^ mod 4E. There is an isomorphism of 
stacks 

}D '■ Cd —>■ Z[D, r), (E, i) I—>■ (vr : E —>■ E/E[n], l). 

Here, we denote by E[n] the kernel of multiplication by elements in n. Combining the map 
jD with the forgetful map Z{D,r) —)• Xo{N) yields a map Cd —^ Xq{N), still denoted 
Note that this map also depends on the choice of r. For simplicity, we do not rehect this in 
the notation. 



SINGULAR MODULI OF HIGHER LEVEL AND SPECIAL CYCLES 


17 


Fix Dq,Di G Z<o and assume thatthey satisfy the properties of Definition 5.2. In particu¬ 
lar, there are tq, ri G Z, such that r? = Di mod 4A^. We write n* for the corresponding ideals 
of norm N in O^i generated by N and Moreover, assume that Dq is a fundamental 

discriminant with Dq = 1 mod 4 and DqDi is not a perfect square so that 2^(Do,ro) and 
Z[Di^ri) intersect properly. 

For a CM elliptic curve {E, l) G CooiS), we define 

Oe, no ■= End5(F; E/E[no]) = {a G End5(E) | vravr”^ G End5(E/E[no])}. 

We are interested in the intersection of Z[Dq^ tq) and Z{Di,ri) on Xq{N) or, equivalently, in 
the pullback of Z{Di,ri) under j^g. The stack n) represents the following moduli 

problem. For a base scheme 5, consider the category A4(Di, ri, no)(S') of triples (E,t, </>), 
where 

(i) (E,0GCBg(S), 

(ii) (j) : OEl ^ ^E,no is an action of Odi, such that 
(hi) ^(ni)E[no] = 0. 

We consider the fiber product diagram 


rD,2{Duri) = Z{Dun) Cdo^^Cdo 

TTl 

Z(Di, n)--T’o(iV). 


Lemma 6.2. 

given by 
where 712 (.^) = 


The map 


T -TDo^i^^Xi) Af(Di,ri,no), 


i eA [E, i, (j)), 

{E,i) and 7ri((^) = (E —)• E/E[no], cj)) is an isomorphism of stacks. 


Proof. This can be found in [BY09, Section 7.3]. It is clear that the described map is well 
defined and injective over any scheme S. In the other direction, suppose that (E, t, cp) G 
A4(Ei, ri, no)(5). Then (E, t) G CDoiS) and (E —)• E/E[no], (p) G Z{Di, ri){S) by definition. 
Thus, we obtain maps A4(Ei, ri, no) —)• Z{Di,ri) and AI(Ei, ri, no) —)• Ceq- By the universal 
property of the fiber product, we obtain a unique map (p that makes the following diagram 
commutative. 



Therefore, we have ^ = (p{{E, t, cp)) £ jf)^Z{Di,ri) with (^(^) = {E,L,(p) by the definition of 

(f. □ 


Lemma 6.3. IFe have the identity 


jho2{D,,n) 


E 

n=rQri mod 2N 
n^<DQDi 


/ DqDi - 

V 4A^I-Do| 


,no, 


n + riVEp N 

2 \/A] J 
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of divisors on Cdq- 

Proof. This is a direct consequence of Lemma 7.12 in [BY09] where the authors prove an 
identity on geometric points over algebraically closed fields in any characteristic. We also 
refer to [Ehll3] for details. □ 


To ease the notation a bit, we continne to write D = Dq and let p ^ "L, such that = 
H mod 4A^ (i.e. p = tq). For a rational function / G Q(T’o(A^)) we consider the pnllback 
ihif I ]d{Cd))^ which makes sense as long as jzi(C'D) is not contained in the divisor of /. The 
element then defines an element of the fnnction field — Q{Cd) = H, the Hilbert 

class field of ki) = Q{y/D). 

Now let / G Q{Xq{N)) be a modnlar function snch that its divisor is a linear combination 
of the Heegner divisors Z{m,p). That is, there are integers c{m,r), snch that 

div(/) = E E c{d,r)Z{d,r) + Cif), 

r mod 2N dEQ<o 

d=r^ mod AN 


where C{f) is supported at the boundary. We have by definition (cf. the proof of Proposition 
3.7 in [Vis89]) that 

div(jo/) = j;^(div(/)). 

Finally, we normalize the map pi : Cd ^ Spec Oh in the following way (it is only unique 
up to an automorphism of Oh)- We fix an embedding of H into C and the integral ideal 


n = 



p + Vd\ 

2 ) 


c Od 


of norm N. Consider the Heegner point ZD,p given by vr : CjOn —>■ C/n“^. Then we require 
that pr is chosen such that pr^,j*(/"''=) G H is equal to f{zD,p), where Wk is the number of 
roots of unity in A; = ko- As a point in H, we can take ZD,p^ such that its image under the 
Fricke involntion is 


-1 

NzD,f. 


-p + y/D 


2N 


G 


according to our remark at the end of the last section. Note that f{zD,p) G H defines a divisor 
on Spec Oh given by 


(6-1) ordqj(/(2D,p))q^. 

Here, the sum is over all nonzero prime ideals of Oh- 

Theorem 6.4. Let D < 0 be an odd fundamental discriminant, p G'L with p^ = D mod AN 
and normalize pr as described above. Suppose that f G Q{Nq{N)) with 


div(/) = E E cid,r)Z{d,r) + Cif), 

r mod 2N dEZ<o 

d = mod AN 


where C{f) is supported at the cusps and div(/) and Z{D,p) intersect properly. Then we 
have 


Ordq3(/(2;_D,p)) = Wk E E E ^ 

r mod 2N d G Z<o n = p-r mod 2N 

'n? < dD 


fdD-n'^ 

AN\D\ 


n + r\fD \ 

2VD J 
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for every prime ^ of the Hilbert elass field H. 

Proof This follows directly from our considerations above and the fact that the pullback 
of div(/) as a Cartier divisor (Equation (6.1)) agrees with the pullback as a Weil divisor, 
corrected by the multiplicity as explained above. The pullback as a Weil divisor is described 
in Lemma 6.3. Also note that the image of Cd does not intersect the boundary. □ 


Remark 6.5. The formulas in Proposition 4.8 and Proposition 4.9 provide explicit formulas 
for the quantities in Theorem 6.4. 


We now recover the Theorem of Gross and Zagier on singular moduli [GZ85] and its gener¬ 
alization by Dorman [Dor88]. Let D be a negative fundamental discriminant and suppose that 
D is odd. Moreover, let d be a negative discriminant, coprime to D. As in the Introduction, 
consider the modular function 

nz,D)= n 

QeSL2(Z)\Qo 

Here, Q_d is the set of quadratic forms of discriminant D and Wk is the number of roots of 
unity m k = Q(-v/D) 


Theorem 6.6 (Gross-Zagier, Dorman). Let H be the Hilbert class field of k = <Q{^/D). 
Moreover, let L be the fixed field o/Gal(R//c)[2], let p be a rational prime and f C be the 
prime ideal below | P (see Section 4). Then we have 


ordp(T(zD,p,d)) 


'Ufk 

4 


nGZ 

n=l mod 2 


Dd-n^\ 

4 |^| J 


/ Dd-n^ 

V 4p 


[c]-^[co] 


for a = (t(c). Here, Vp{x) = Up(x) i/Diff(x) = {p} and Vp{x) = 0, otherwise. 


To conclude this section and justify the simpler version (Theorem 1) of Theorem 6.4 in 
the Introduction, we show that there is a rather simple criterion to decide if the divisor of 
a modular function on Xq{N) is horizontal if N is square-free. It is reflected in the classical 
Kronecker congruence modulo p of the modular equation of level N. 

Recall that the fiber of Xo{N) above p f A” is smooth and irreducible. We write the 
valuation on the function field that is induced by such a fiber by Up. For p \ N, the fiber has 
two irreducible components that intersect at each supersingular point. The cuspidal sections 
oo and 0 always only intersect one of those two fibers. We denote by Vp^oo the valuation on 
the function field of Xo{N) induced by the component above p that intersects the cusp oo 
and by Up^ the valuation corresponding to the other component. 

For a modular function / G Q{Xq{N)) = Q(j, Jat), where jN{T) = j(A"r), denote by 

/oo(r) = ^ Coo(n)g” 

714^—00 

and 

/o(u) = /oo f ^ Co(n)g”/^ 

^ '' n'f^—oo 

the Fourier expansions of / at the cusps oo and 0, respectively. 


Proposition 6.7. Let f G Q(j, jv) o modular function for ro(A) and assume that N is 
square-free. Let p be a prime and set a = infjordp Coo(n)} and b = infjordp co(n)}. 
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(i) Ifp\N, then a = Upif). 

(a) Ifp\N then a = t'p,oo(/) and b = Pp,o(/)- 

Proof. Evaluation at the Tate curve (cf. [DR73; DI95]) 

0?n/Q^ 

over Z[[g]] gives a homomorphism 

Too : Spec(Z[[5]]) T'o(iV), 

and evaluation at the Tate curve 

Qi!" 

over Z[[(jr^/'^]] accordingly 

TO : Spec(Z[[g^/^]]) Xo{N). 

Combining these maps with the geometric points given by g i—)• 0 for t^o and i—)• 0 for 

To, we obtain the cuspidal sections Spec(Z) —)• Xo{N) corresponding to the cusps oo and 0, 
respectively. The pullbacks r^/ and Tq/ of / G Q{Xq{N)) are given by the Fourier expansion 
of / at oo and 0, respectively. The valuation at p on Q{{q)) and Q{{q^^^)) is given by the 
canonical extension of the p-adic valuation on Q. It agrees with the valuations given by a and 
b in the statement of the Proposition, li p \ N they coincide since the fiber of Xq(N) above p 
is irreducible in this case. 

We refer to Theorem VI. 3.10 on page 163 and Corollary 3.12 in [DR73] for more details. 
Moreover, in Section 3.16, ibid., the case T’o(p) for a prime p is discussed in more detail. □ 


7. Borcherds products 


We will finally sketch how to apply our results to Borcherds products on modular curves. 

Let V be a positive integer and consider the congruence subgroup ro(A^) C SL2(Z). The 
modular curve Yo{N) := ro(V)\EI can be obtained as an orthogonal modular variety as 
follows. 

Consider the vector space V := {x G M 2 {Q) \ tr(a:) = 0} and define the quadratic form by 
Q{x) = —Ndet{x). The corresponding bilinear form is (x,y) = Ntj:{xy). The space {V,Q) 
has signature (2,1). 

The symmetric domain D of SOy(]R) = SO(2,1) can be identified with the Grassmannian 
of two-dimensional positive definite subspaces of V (M). It is isomorphic to the complex upper 
half-plane H via 


z = X + iy 




!->• 



©M^ 



The action of 7 G SL2 is explicitly given by 


7 - 



(cz + df 




where 72; is the action via linear fractional transformations on H. 
In V we have the even lattice 


L = 




a,b,c G 
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The dual lattice of L is given by 

L' = 1^2^ 2 ^ I a,b,cGZ 

Note that the discriminant group L'/L is cyclic of order 2N and we can identify the 
corresponding finite quadratic module with the group Z/2A^Z together with the quadratic 
form x‘^/4:N, valued in ^Z/Z C Q/Z. We denote by ^ the space of vector valued 
weakly holomorphic modular forms of weight k and representation pi, the Weil representation 
associated with L. 

Let / G L Fourier expansion 

= Z] Z] Cf{m, p)e{mT)4>^, 

/ieZ/27VZmeQ 

and Cf{m,p) G Z for all m < 0 and all p, G Z/2A^Z. Borcherds [Bor98] showed that there is 
a meromorphic modular form of weight cj(0,0) for ro(A^) with divisor 

div(Ti(z,/)) = Z(/) = E E Cf{m, r)Z{4Nm, r) 

r mod 2N m<0 

on yo(-^)‘ Moreover, has an infinite product expansion of the form 

oo 

4>L{z,f) = e{{pf,z)) n(l - 

n=l 

which converges for Q{z) large enough and where p/ is the corresponding Weyl vector at the 
cusp oo. We refer to Borcherds [Bor98, Theorem 13.3] and Brainier and Ono [BOlO, Theorem 
6.1] for details. 

Lemma 7.1. Let f G with constant coefficient cj(0,0) = 0 and Cf{m,p) G Q for 

all m € Q and p G L'jL. Then there exists an integer Mf, such that the Borcherds product 
4f l{z, h, Mf ■ f) defines a meromorphic modular function contained in Q{j,jN)- 

Proof. Since the Fourier coefficients of / have bounded denominators, replacing / by an 
integral multiple f = M ■ f we obtain only integral coefficients. We view lizffi, f) as a 
meromorphic function on Xo{N). The multiplier system of 4f{z,f') has hnite order, which 
can be shown using the embedding trick ([Bor98, Lemma 8.1], [BorOO]). Together with the 
integrality of the Cf>{m,p) this implies that the Fourier expansions of 4f{z,f') have rational 
coefficients at all cusps (for square-free N). Thus, 4>{z,M'f) for some M' G Z is contained 
in the field Q{Xq{N)) = Q{j,jN) by the g-expansion principle. □ 

Theorem 7.2. Let f G ® weakly holomorphic modular form with only integral 

Fourier coefficients and assume that N is square-free. Suppose that the multiplier system 
of 4f l{z, h, f) is trivial. Then the divisor of the rational function defined by 4f l{z, h, f) on 
yo{N) is equal to Z{f), the flat closure of Z{f). 

Proof. The triviality of the multiplier system implies that 'I'(z) := 4>Liz, f) G Q{j,jN), as we 
have seen. The product expansion implies that the Fourier expansion of 'I'(z) at the cusp oo 
has coprime integral coefficients under our assumption on /. Therefore, the hbers for p \ N 
cannot occur in the divisor. 
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The Fricke involution Wn is contained in GSpiny(Q) and its image belongs to SO''"(L) (cf. 
[BOlO]). We denote by aM the image of Wn in 0{L'/L). It acts on L'jL as fi ^ —// and 
therefore, 

-41og|(^' I WN)iz)\ = ^ = -41og|T(z,/Ar)| , 

where /at = 

We have that Cf{m,n) = Cf{m,—fj,) by the action of the center of Mp2(Z). Therefore, 
Jn = f and T | Wn{z) = ±4'(^) because W'^ = 1. This implies that the Fourier expansion 
of ^{z) at the cusp 0 has also coprime integral Fourier coefficients and the result follows by 
Proposition 6.7. □ 


Now let zd,p be the Heegner point of level N given by 


ZD,p 


p + '/D 
2N 


G e. 


where we assume as usual that D < 0 is an odd fundamental discriminant. We conclude that 
if zd,p is not contained in the divisor of '^liz,/), then the prime valuations of ^l{zd,p, f) 
can be obtained using Theorem 6.4. 


8. Some numerical examples 


We give some examples to illustrate and test our formula numerically. 

The Borcherds products discussed in Section 7 provide an easy way to generate examples 
if the space of obstructions 5*3/2 ,l- is known. Here, 53/2,1,- is the space of cusp forms trans¬ 
forming with the Weil representation of ffi® lattice given by L with the negative —Q of 
the associated quadratic form. According to [BEF14], if = p is prime, then S^/ 2 ,l- — {0} if 
and only if the modular curve Xq (p) = Fjj" (p)\BI has genus zero. Here, Fq" (p) is the extension 
of ro(p) by the Fricke involution. 

As an explicit and non-trivial example of this kind let us take N = 47. Since S^/ 2 ,l- 
vanishes, there exists a weakly holomorphic modular form / of weight 1/2 with representation 
Pl and principal part 

^Q'"11/188(041 +0-4l). 

We can assume that the constant term of / vanishes. Its Borcherds lift can be identified as 
the Hauptmodul for (47) which has a Fourier development starting with 

qi(z, f) =q-^ + l + q + 2q‘^ + 3q^ + Sq'^ -k 5q^ + 5q^ + -k 9q^ + 12q^ + 14g^° -k 0{q^^), 


where q 


e{z). It can be explicitly constructed as the quotient 


^{zj) 


Oljz) - 02 {z) ^ 

2ri{z)7]{47z) 


where 0i(r) are the two theta functions corresponding to the binary quadratic forms Qi = 
[1,1,12] and Q 2 = [2,—1,6] of discriminant —47. Its divisor is equal to ^(Z(ll,41) -k 
Z(ll, —41)) which equals Z(ll,41) on X^(47). Since it is the generator of the function field 
of X^(47), its values at CM points of fundamental discriminant generate the corresponding 
Hilbert class field. As it turns out, the class polynomials for 4/(z,f) have some advantages 
over the usual Hilbert class polynomials for the elliptic modular function j(t). In particular, 
their discriminants and resultants are usually much smaller. 
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As a first example, take the CM points of discriminant —23. Theorem 6.4 easily reveals 
that ^{z, f) is a unit in the Hilbert class field for any such point (note that it cannot be equal 
to 0). In fact, it is easily confirmed numerically that 4'(z_23,27) /) is a root of the polynomial 

+ 2x — I 

with discriminant —23. Using sage, we confirmed that these roots are indeed contained in the 
Hilbert class field of Q(\/—23) and any of these generates the Hilbert class field over 
(the polynomial is irreducible and since the constant coefficient is equal to 1, the values 
are indeed units). To compare with the j-invariant, note that the Hilbert class polynomial 
for j is equal to x^ + 3491750 — 5151296875 x + 12771880859375 and has discriminant 

-1 • 5^® • 7^2 . ii4 . x72 . iq2 . 23, 

To see a non-unit, we can take for instance D = —107. In this case, we evaluate at the point 
z_io7,9. Numerically, we obtain 4'(2:_io7,9, /) ~ 2.796321.... This turns out to be the unique 
real root of x^ — 3x^ -I- 2x — 4. We consult Theorem 6.4 together with Proposition 4.10 to 
obtain that all prime ideals that contribute to its prime ideal factorization lie above 2. Indeed, 
the only non-zero contribution in the Theorem comes from n = ±7 and Diff(6/107) = {2}. 

We fix the embedding of the Hilbert class field H oi k = Q(-v/—107) into C, such that 
H = k{j) and j is mapped to j{Ok) ~ —1.297832... G M. Let iPoj and ^2 be the prime 
ideals of H above 2 where ^0 is fixed by complex conjugation and iPi = ^ 2 - Since the two 
primes of Q(-v/—107) above 3 are both not principal, the valuation at iPo is equal to zero 
by Proposition 4.10. The valuation at the other two primes turn both out to be equal to 
2 • (1/4 -|- 1/4) = 1, which we can also confirm using sage. 
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